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1 Introduction: Ultracold Quantum Gases

JILA (1995): 87
37Rb , N=20 000 , ω1 = ω2 = ω3/

√
8 = 2π× 120 Hz
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2.1 Magneto-Optical Trap

Laser Speckles:

global condensate vanishesInguscio et al., PRL 95, 070401 (2005)
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2.2 Wire Trap
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Distance: d = 10 µm Wire Width: 100 µm

Magnetic Field: 10 G, 20 G, 30 G Deviation: ∆B/B ≈ 10−4

Krüger et al., Phys. Rev. A 76, 063621 (2007)

Fortàgh and Zimmermann, Rev. Mod. Phys. 79, 235 (2007)
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3.1 Model System

Action of a Bose Gas:

A =

∫ ~β

0

dτ

∫

d3x

{

ψ∗

[

~
∂

∂τ
− ~

2

2M
∆ + U(x) + V (x) − µ

]

ψ +
g

2
ψ∗2ψ2

}

Properties:

• harmonic trap potential: U(x) =
M

2
ω2x2

• disorder potential: V (x) ; bounded from below, i.e. V (x) ≥ V0

V (x1) = 0 , V (x1)V (x2) = R(x1 − x2) , . . .

• chemical potential: µ

• repulsive interaction: g =
4π~

2a

M

• periodic Bose fields: ψ(x, τ + ~β) = ψ(x, τ)
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3.2 Grand-Canonical Potential

Aim:

Ω = − 1

β
lnZ

Z =

∮

DψDψ∗ e−A[ψ∗,ψ]/~

Problem:

lnZ 6= lnZ

Solution: Replica Trick

Ω = −1

β
lim
N→0

ZN − 1

N
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3.3 Replica Trick

Disorder Averaged Partition Function:

ZN =

∮

{

N
∏

α=1

DψαDψ∗
α

}

e−
PN
α=1 A([ψ∗

α,ψα])/~ =

∮

{

N
∏

α=1

DψαDψ
∗
α

}

e−A(N)/~

Replicated Action:

A(N) =

Z ~β

0

dτ

Z

d3x
N

X

α=1

(

ψ∗
α(x, τ)

"

~
∂

∂τ
−

~
2

2M
∆ + U(x) − µ

#

ψα(x, τ)

+
g

2
ψ∗
α(x, τ)

2ψα(x, τ)
2

ff

−
1

2~

Z ~β

0

dτ

Z ~β

0

dτ ′
Z

d3x

Z

d3x′
N

X

α=1

N
X

α′=1

×ψ∗
α(x, τ)ψα(x, τ)R(x − x

′)ψ∗
α′(x

′, τ ′)ψα′(x
′, τ ′) + . . .

Similar: disorder averaged correlation functions
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4.1 Condensate Density

Assumptions:

homogeneous Bose gas: U(x) = 0

δ-correlated disorder: R(x) = Rδ(x)

Bogoliubov Theory:

background method: ψα(x, τ) = Ψα + δψα(x, τ)

replica symmetry: Ψα =
√
n0

Result: n0 = n− 8

3
√
π

√
an0

3 − M2R

8π3/2~4

√

n0

a

Huang and Meng, PRL 69, 644 (1992)

Falco, Pelster, and Graham, Phys. Rev. A 75, 063619 (2007)
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4.2 Superfluid Density

Galilei Boost:

∆A =

∫ ~β

0

dτ

∫

d3xψ∗(x, τ)u
~

i
∇ψ(x, τ)

dΩ = −S dT − p dV −N dµ− p du

p = − ∂Ω(T, V, µ,u)

∂u

∣

∣

∣

∣

T,V,µ

= MV nn u + . . .

Result: ns = n− nn = n− 4

3

M2R

8π3/2~4

√

n0

a

Huang and Meng, PRL 69, 644 (1992)

Falco, Pelster, and Graham, Phys. Rev. A 75, 063619 (2007)
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4.3 Collective Excitations

Hydrodynamic Equation in Trap With Disorder:

m
∂2

∂t2
δn(x, t) − ∇

[

gnTF(x)∇δn(x, t)
]

= −∇
2
[

3gnR(x)δn(x, t)
]

− ∇

[

4g

3
nR(x)∇δn(x, t)

]

nR(x) : Huang-Meng depletion in trap

nTF(x) = [µ− V (x)] /g : Thomas-Fermi density

Violation of Kohn Theorem:

Surface dipole mode
(n = 0 , l = 1):

δωdip(ξ = 0)

ωdip
= −5π

16

M2R

8π3/2~4
√

nTF(0)a

Falco, Pelster, and Graham, Phys. Rev. A 76, 013624 (2007)
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4.4 Comparison With Experiment

Typical Values:

Inguscio et al., PRL 95, 070401 (2005)

ξ = 10 µm
RTF = 100 µm
lHO = 10 µm

}

ξ̃ =
ξRTF

l2HO

√
2
≈ 7

~�

Æ! 0(�)=Æ!
0(0)

543210
10:80:60:40:20

n = 0, l = 1

n = 0, l = 2

=⇒ Disorder effect vanishes in laser speckle experiment

Improvement:

laser speckle setup with correlation length ξ = 1 µm

Aspect et al., New J. Phys. 8, 165 (2006)

=⇒ Disorder effect should be measurable

Falco, Pelster, and Graham, Phys. Rev. A 76, 013624 (2007)
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5.1 Earlier Results

trapped Bose gas homogeneous Bose gas

T
(0)
c =

~ωg

kB

[

N

ζ(3)

]1/3

T
(0)
c =

2π~
2

kBM

[

n

ζ(3/2)

]2/3

∆Tc

T
(0)
c

= −3.426
a

λ
(0)
c

∆Tc

T
(0)
c

= 1.3 an1/3

Giorgini et al., PRA 54, R4633 (1996) Kleinert, Mod. Phys. Lett. B 17, 1011 (2003)

Gerbier et al., PRL 92, 030405 (2004) Kastening, Phys. Rev. A 69, 043613 (2004)

R(x) =? R(x) = Rδ(x)

∆Tc

T
(0)
c

=?
∆Tc

T
(0)
c

= − M2R

3π[ζ(3/2)]2/3~2n1/3

Lopatin and Vinokur, PRL 88, 235503 (2002)

Procedure: n = n(µ), µր µc ⇒ Tc
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5.2 Our Results

~�N1=6

�T
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 ~R
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1 2 3 4 5 6 7

solid: Gaussian

dashed: Lorentzian

Length Scale: lHO =

√

~

Mωg
, ωg = (ω1ω2ω3)

1/3

Dimensionless Units: ξ̃ =
ξ

lHO
, R̃ =

R
(

~2

Ml2HO

)2

l3HO

=
M3/2R

~7/2ω
1/2
g

Timmer, Pelster, and Graham, Europhys. Lett. 76, 760 (2006)

Klünder, Pelster, and Graham, to be published
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6.1 Order Parameters
Definition:

lim
|x−x′|→∞

〈ψ(x, τ)ψ∗(x′, τ)〉 = n0

lim
|x−x′|→∞

|〈ψ(x, τ)ψ∗(x′, τ)〉|2 = (n0 + q)2

Note:

q is similar to Edwards-Anderson order parameter of spin-glass theory

Hartree-Fock Mean-Field Theory:

Self-consistent determination of n0 and q for R(x − x′) = Rδ(x− x′)

Phase Classification:

gas Bose glass superfluid

q = n0 = 0 q > 0, n0 = 0 q > 0, n0 > 0
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6.2 Hartree-Fock Results

Isotherm: T = const. Phase Diagram: µ = const.

disorder strength R = const.

R > Rc

R < Rc

µ

n

nBEC

nm

µMµmµBEC

gas

Bose glass

super-
fluid

T

R

Rc

TcTBEC

gas

Bose
glass

superfluid

first order

continuous

Graham and Pelster, Int. J. Bif. Chaos (in press)
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7 Summary and Outlook

• Frozen Disorder Potential :

arises both artificially (laser speckles) or naturally (wire trap)

• Bosons:

local condensates in minima + global condensate + thermally excited

• Localization Versus Transport:

disorder reduces superfluidity

• Phase Diagram:

yet unknown for strong disorder

Navez, Pelster, and Graham, Appl. Phys. B 86, 395 (2007)

• Disordered Bosons in Lattice:

Bose Glass versus Mott phase

Krutitsky, Pelster, and Graham, New J. Phys. 8, 187 (2006)
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